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Abstract

In the present paper we give an algorithm to compute generators
of power integral bases having ”small” coordinates in an integral basis
in sextic fields containing a cubic subfield.

As an application of the method, we give a sufficient condition for
infinite parametric families of number fields of this type to have power
integral basis. To illustrate the statement we construct parametric
families of fields and describe generators of power integral bases in
them.

AMS Classification Codes (2000): 11Y50; 11D57

1 Introduction

Let K be an algebraic number field of degree n with ring of integers ZK .
The index of a primitive α ∈ ZK is defined by

I(α) = (Z+
K : Z+[α]).

It is obvious that {1, α, α2, . . . , αn−1} is an integral basis, if and only if
I(α) = ±1. Such an integral basis is called power integral basis. If there
exists such α ∈ ZK , then ZK is called monogene.
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Let {1, ω2, . . . , ωn} be an arbitrary integral basis in K. Then the dis-
criminant of the linear form l(x) = x2ω2 + . . . + xnωn can be written as

D(l(x)) = (I(x2, . . . , xn))2 ·DK

where I(x2, . . . , xn) is the index form corresponding to the integral basis
{1, ω2, . . . , ωn}, and DK is the discriminant of the field K. This index form
has the property that for arbitrary primitive

α = x1 + x2ω2 + . . . + xnωn ∈ ZK

the equation
I(α) = |I(x2, . . . , xn)|

holds. So the problem of determining power integral basis is equivalent to
determine the elements of index 1 or to solve the index form equation

I(x2, . . . , xn) = ±1 (x2, . . . , xn ∈ Z).

Consequently, the index of a primitive α ∈ ZK can be determined by

I(α) =
∏

1≤i<j≤n |αi − αj |√|DK |
(1)

where αi (1 ≤ i ≤ n) denote the conjugates of α.

For an arbitrary z ∈ Z the indices of ±α+z are the same. These numbers
are called equivalent. In 1976 K.Győry [9] proved effectively that an index
form equation has only finitely many solutions, that is up to equivalence
there are only finitely many elements of ZK of index 1. For a survey on
power integral bases see [4].

In this paper we consider sextic fields. There are no general algorithms
for solving index form equations in sextic fields. The only case when we can
determine the generators of power integral bases is the case of sextic fields
with a quadratic subfield, cf. I.Gaál [2], [1] and I.Gaál and M.Pohst [7]. In
these cases the index form equation implies a relative Thue equation over
the quadratic subfield which makes the resolution easier.

Our purpose is to consider sextic fields having a cubic subfield. This
important case is not yet covered by former methods. In this case the index
form equation is much more complicated then in the previously considered
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sextic fields and it does not seem to be feasible by the known methods
to describe a fast algorithm for the complete resolution of the index form
equation.

Hence our purpose is to determine the ”small” solutions of the index
form equation, that is to compute generators of power integral bases having
”small” coordinates in an integral basis. In this sense ”small” means a bound
of about 105 which means that the solutions we find cover all solutions with
high probability. Especially, the generators of power integral bases used in
applications have ”small” coordinates.

2 Sextic fields with a cubic subfield

Let K be a sextic field having a cubic subfield M . Let us denote by ZK

and ZM the rings of integers of K and M , respectively. We will consider in
detail the more interesting case when M is totally real. The case of complex
cubic subfields is much easier to consider using the same algorithm since in
that case the unit rank of M is only 1.

Assume M = Q(%) and K = M(ϑ) with algebraic integers %, ϑ. For
simplicity let us choose % and ϑ so that {1, %, %2, ϑ, ϑ%, ϑ%2} is an integral
basis in K, so that an arbitrary α ∈ ZK can be written as

α = x0 + x1% + x2%
2 + y0ϑ + y1ϑ% + y2ϑ%2, (2)

where x0, x1, x2, y0, y1, y2 ∈ Z. Note that if % and ϑ with this property do
not exist (this happens very seldom), then in the representation (2) we have
to use a common denominator g. In such cases the same algorithm can be
used, the only difference is that instead of ±1 some constants depending on
g appear on the right hand sides of our equations.

Let
X = x0 + x1% + x2%

2 , Y = y0 + y1% + y2%
2,

then X and Y are integers in M and

α = X + ϑY. (3)
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3 The structure of the index

We denote by %i the conjugates of % for i = 1, 2, 3 and by ϑi, ϑi the
conjugates of ϑ over Mi = Q(%i) for i = 1, 2, 3. In general for any γ ∈ M
we denote by γi the conjugates of γ corresponding to %i. For any γ ∈ K we
denote by γi, γi the conjugates of γ corresponding to ϑi, ϑi, respectively.

Using the integral basis {1, %, %2, ϑ, ϑ%, ϑ%2} for the discriminant of the
field K we get

√
|DK | = (%1 − %2)2(%2 − %3)2(%3 − %1)2(ϑ1 − ϑ1)(ϑ2 − ϑ2)(ϑ3 − ϑ3).

Let
βk =

(αi − αj)(αi − αj)(αi − αj)(αi − αj)
(%i − %j)2

, (4)

where k = 1, 2, 3 belong to (i, j) = (2, 3), (3, 1), (1, 2), respectively.

Then the following theorem holds:

Theorem 1 If α ∈ ZK generates a power integral basis in K, then βk is an
algebraic integer in Mk = Q(%k) for k = 1, 2, 3.

Proof. First we show, that βk is an algebraic integer. Let Mi = Q(%i).
Since ϑi, ϑi are the roots of a quadratic polynomial having algebraic coeffi-
cients in ZMi we have

ϑi =
νi +

√
µi

2
, ϑi =

νi −√µi

2
,

and similarly

ϑj =
νj +√

µj

2
, ϑj =

νj −√µj

2
,

where ν, µ ∈ ZM are algebraic integers, νi, νj , µi, µj denote their conjugates.
Since the relative norms are algebraic integers we have

ϑi · ϑi =
ν2

i − µi

4
∈ ZMi , ϑj · ϑj =

ν2
j − µj

4
∈ ZMj .

Using (3) this implies
(αi − αj)(αi − αj) =
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(
Xi −Xj +

νi +
√

µi

2
Yi −

νj +√
µj

2
Yj

)
·
(

Xi −Xj +
νi +

√
µi

2
Yi −

νj −√µj

2
Yj

)
.

It is obvious that the difference of the i-th and the j-th conjugates of integers
in ZM is divisible by (%i − %j) because of their representation in the basis
{1, %, %2}. So in both of the two factors Xi −Xj is divisible by (%i − %j). It
is similar to show that the same holds for the remaining factor, that is

(
νi +

√
µi

2
Yi −

νj +√
µj

2
Yj

)
·
(

νi +
√

µi

2
Yi −

νj −√µj

2
Yj

)
=

−
(

ν2
i − µi

4
Y 2

i −
ν2

j − µj

4
Y 2

j

)
+

νi +
√

µi

2
Yi (νiYi − νjYj)

is divisible by (%i − %j). Similarly, (αi − αj)(αi − αj) is also divisible by
(%i − %j).

Now we turn to prove that βk ∈ Mk = Q(%k). Let Γ be the Galois
group of the field M = Q(%1, %2, %3), and denote by Γ0 its subgroup con-
taining the automorphisms which leave Mk elementwise fixed. Let K =
Q(ϑ1, ϑ1, ϑ2, ϑ2, ϑ3, ϑ3).

Let σ ∈ Γ with σ(%i) = %ji , (i = 1, 2, 3), where (j1, j2, j3) is a permutation
of (1, 2, 3). Let us extend this to an automorphism σ of K such that

σ(ϑi) = ϑji , σ(ϑi) = ϑji , (i = 1, 2, 3).

Let πi be the automorphism of K with

πi(ϑi) = ϑi, πi(ϑi) = ϑi,

and
πi(ϑj) = ϑj , πi(ϑj) = ϑj

πi(ϑk) = ϑk, πi(ϑk) = ϑk

for i = 1, 2, 3 , {j, k} = {1, 2, 3}\{i}. Then any element of the Galois group
of K can be written in the form

σ · πa1
1 · πa2

2 · πa3
3

where σ denotes the extension of σ ∈ Γ with the above property, and
a1, a2, a3 ∈ {0, 1}.
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It is easy to see, that the automorphisms of K which leave Mk element-
wise fixed are the form of

σ0 · πa1
1 · πa2

2 · πa3
3

where σ0 denotes the extension of σ0 ∈ Γ0 to K. (These elements form a
subgroup in the Galois group of K). It is easily seen that σ0, π1, π2, π3 leave
βk fixed, so by the Galois theory βk ∈ Mk holds.

The following theorem describes the structure of the index of α ∈ ZK .
We note that our algorithm for finding ”small” generators of power integral
basis is based on Theorems 1, 2.

Theorem 2 If α ∈ ZK represented in the form (2) generates a power inte-
gral basis, then

NM/Q(y0 + y1% + y2%
2) = ±1, (5)

and
NM/Q(β) = ±1. (6)

Proof. Recall that for the index of α we have (1). It is obvious that

αi − αi

ϑi − ϑi
= y0 + y1%i + y2%

2
i

is an algebraic integer in Mi = Q(%i) for i = 1, 2, 3, these are conjugated to
each other and their product is

NM/Q(y0 + y1% + y2%
2).

The quotient of the remaining differences of conjugates of α and the remain-
ing factor of

√|DK | is
β1β2β3 = NM/Q(β).

Since both of them are integers in Z and their product is ±1 we obtain (5)
and (6).

4 The algorithm

Our purpose is to determine elements of index 1 of ZK for which

max(|x1|, |x2|, |y0|, |y1|, |y2|) < C. (7)
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In our examples we have C = 105. We consider only the case when M is
totally real. Let {η1,η2} be a set of fundamental units of M , and denote by
η1i, η2i (i = 1, 2, 3) their conjugates.

Step I.

By (5) we have
Yi = ±ηb1

1iη
b2
2i , (i = 1, 2, 3) (8)

with b1, b2 ∈ Z. From this we conclude

b1 log |η1i|+ b2 log |η2i| = log |Yi|. (i = 1, 2, 3) (9)

Using the notation (with i, j as in (4))

Ci = max(log(C · rj) + log(C · rk), log(C · ri))

Cj = max(log(C · ri) + log(C · rk), log(C · rj))

by (9) we have

|b1| ≤ |f11| · Ci + |f12| · Cj

|b2| ≤ |f21| · Ci + |f22| · Cj

where fij denote the entries of the matrix
(

log |η1i| log |η2i|
log |η1j | log |η2j |

)−1

.

The above upper bounds are valid for (i, j) = (1, 2), (2, 3), (3, 1). Denote
by Cb1 and Cb2 the minimum of the estimates for |b1| and |b2|, respectively.

The following steps must be performed for all possible values of b1 and
b2 with

−Cb1 ≤ b1 ≤ Cb1 , −Cb2 ≤ b2 ≤ Cb2 .

Step II.

By (6) we have
βk = ±ηd1

1kη
d2
2k (k = 1, 2, 3) (10)

with d1, d2 ∈ Z. From this we conclude

d1 log |η1k|+ d2 log |η2k| = log |βk| (k = 1, 2, 3)
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It is easy to see that

αi − αj = Xi −Xj + ϑiYi − ϑjYj ,

αi − αj = Xi −Xj + ϑiYi − ϑjYj ,

αi − αj = Xi −Xj + ϑiYi − ϑjYj , (11)
αi − αj = Xi −Xj + ϑiYi − ϑjYj .

By (8) the values of b1 and b2 determine Yi and Yj . Using (4),(10),(11)
and the estimate

|Xi −Xj | = |x1(%i − %j) + x2(%2
i − %2

j )| ≤ C · (|%i − %j |+ |%2
i − %2

j )|)

one can derive upper bounds for |d1| and |d2| for (i, j) = (1, 2), (2, 3), (3, 1)
similarly as in Step I. Denote by Cd1 and Cd2 the minimum of these bounds
for for |d1| and |d2|, respectively.

The following steps must be performed for all possible values of d1 and
d2 with

−Cd1 ≤ d1 ≤ Cd1 , −Cd2 ≤ d2 ≤ Cd2 .

Step III.

Using the above type of indices i, j, k let

Ak = Xi −Xj +
(ϑi + ϑi)Yi − (ϑj + ϑj)Yj

2
,

Bk = Yi(ϑi − ϑi), (12)
Ck = Yj(ϑj − ϑj).

Using this notation by (11) we have

αi − αj = Ak − Bk + Ck

2
,

αi − αj = Ak − Bk − Ck

2
,

αi − αj = Ak +
Bk − Ck

2
,

αi − αj = Ak +
Bk + Ck

2
,
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so (10) is equivalent to
(

Ak +
Bk + Ck

2

) (
Ak − Bk + Ck

2

) (
Ak +

Bk − Ck

2

) (
Ak − Bk − Ck

2

)

= ±ηd1
1kη

d2
2k (%i − %j)

2 ,

that is
(

A2
k −

(
Bk + Ck

2

)2
) (

A2
k −

(
Bk − Ck

2

)2
)

= ±ηd1
1kη

d2
2k (%i − %j)

2 .

From this it is easy to see, that the above quartic equation in Ak can be
reduced to quadratic equations in Ak. Note that this reduces radically the
computational time, because it is much easier to solve a quadratic equation
using only a square root than to solve a quartic equation using iteration
methods.

Having solved the above equations in Ak, we can calculate Xi −Xj by
equation (12). For k = 1, 2 we calculate X2 −X3,X3 −X1 and then we can
determine x1 and x2 from the system of equations

X2 −X3 = x1(%2 − %3) + x2(%2
2 − %2

3),

X3 −X1 = x1(%3 − %1) + x2(%2
3 − %2

1).

If x1 and x2 are integers then we found a possible solution of our index form
equation.

The values of the yi-s for i = 1, 2, 3 can be determined similarly by
solving the system of linear equations (cf. (8))

y0 + y1%i + y2%
2
i = ±ηb1

1iη
b2
2i (i = 1, 2, 3).

Obviously, this system of equations has integer solutions in y0, y1, y2,
because by Theorem 2 the Yi is a unit of Mi and by our assumption{1, %i, %

2
i }

is an integral basis in Mi (i = 1, 2, 3).

Note that one has to check all candidates of solutions (x1, x2, y0, y1, y2),
whether α of (3) indeed has index 1.

The case of complex cubic subfields can be considered similarly. Since
these fields have unit rank 1 in this case the computation is much easier.
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The algorithms were implemented in Maple V and executed on a PII 350
MHz IBM PC compatible machine.

5 Numerical examples

Totally real cubic subfield M :

Example 1:

Let g(x) = x3 − 5x − 1 be the defining polynomial of %. Then the
discriminant of the field Q(%) is DM = 11 · 43, the fundamental units are
η1 = %, η2 = 2 + %. Let the defining polynomial of ϑ over M be f(x) =
x2 − 10x − %. Then its defining polynomial over Q is f0(x) = x6 − 30x5 +
300x4 − 1000x3 − 5x2 + 50x − 1, the discriminant of the field K = Q(ϑ) is
DK = 26 · 113 · 432 · 1409. Then {1, %, %2, ϑ, ϑ%, ϑ%2} is an integral basis in
K. Using the bound C = 105 we had Cb1 = 19, Cb2 = 14, and Cd1 ≤ 205,
Cd2 ≤ 158. The computations were performed with 100 digits of accuracy,
the running time was 18 hours. The solutions are:

(x1, x2, y0, y1, y2) = (0,−10,−5, 0, 1), (0, 0,−5, 0, 1), (0, 0, 1, 0, 0).

Example 2:

Let g(x) = x3 − 6x + 1 be the defining polynomial of %. Then the
discriminant of the field Q(%) is DM = 33 · 31, the fundamental units are
η1 = %, η2 = 3 − 6% + 2%2. Let the defining polynomial of ϑ over M be
f(x) = x2 − 6x − %. Then its defining polynomial over Q is f0(x) = x6 −
18x5 +108x4−216x3−6x2 +36x+1, the discriminant of the field K = Q(ϑ)
is DK = 27 · 36 · 312 · 337. Then {1, %, %2, ϑ, ϑ%, ϑ%2} is an integral basis in
K. Using the bound C = 105 we had Cb1 = 16, Cb2 = 6, and Cd1 ≤ 195,
Cd2 ≤ 142. The computations were performed with 80 digits of accuracy,
the running time was 16 hours. The solutions are:

(x1, x2, y0, y1, y2) = (0, 6, 6, 0,−1), (0, 0, 6, 0,−1), (0, 0, 1, 0, 0).

Complex cubic subfield M :

Example 3:
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Let g(x) = x3 + x2 − 3x − 5 be the defining polynomial of %. Then the
discriminant of the field Q(%) is DM = −22 · 67, the fundamental unit is η =
−2+%. Let the defining polynomial of ϑ over M be f(x) = x2−%x+1. Then
its defining polynomial over Q is f0(x) = x6+x5−3x3+x+1, the discriminant
of the field K = Q(ϑ) is DK = 24 · 3 · 672. Then {1, %, %2, ϑ, ϑ%, ϑ%2} is an
integral basis in K. Using the bound C = 105 we had Cb = 10, and Cd ≤ 78.
The computations were performed with 100 digits of accuracy, the running
time was 50 minutes. The solutions are:

(x1, x2, y0, y1, y2) = (−3,−1, 3, 3, 1), (−1, 0, 1, 0, 0).

Example 4:

Let g(x) = x3 − x2 + 4x − 2 be the defining polynomial of %. Then the
discriminant of the field Q(%) is DM = −22 · 53, the fundamental unit is
η = −1 + 2%. Let the defining polynomial of ϑ over M be f(x) = x2 −
%x − 1. Then its defining polynomial over Q is f0(x) = x6 − x5 + x4 −
x2 − x − 1, the discriminant of the field K = Q(ϑ) is DK = 26 · 532. Then
{1, %, %2, ϑ, ϑ%, ϑ%2} is an integral basis in K. Using the bound C = 105 we
had Cb = 9, and Cd ≤ 71. The computations were performed with 100 digits
of accuracy, the running time was 40 minutes. The solutions are:

(x1, x2, y0, y1, y2) = (0, 0, 1, 0, 0), (−1, 0, 1, 0, 0).

6 Constructing infinite parametric families of
monogene sextic fields with a cubic subfield

In this section we give a sufficient condition for the existence of infinite
parametric families of monogene sextic fields with a cubic subfield.

Theorem 3 Let b0, b1, c0, c1 be integers such that

b2
1 − c0c1b1 + b0c

2
1 = ±1

holds.

Let % be an arbitrary cubic algebraic integer, M = Q(%), γ = c0+c1%, δ =
b0 + b1%. Let the coefficients of the quadratic relative defining polynomial of
ϑ over M be

ϑ + ϑ = γ (13)
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and
ϑϑ = δ. (14)

Then in the order O = Z[1, %, %2, ϑ, ϑ%, ϑ%2] of the field K = Q(ϑ) the ele-
ment ϑ generates a power integral basis.

Proof. By Theorem 2 the element α = ϑ has index 1 if the corresponding
β is a unit in Q(%). Using the notation of Theorem 3 the element βk can be
written as

βk =
(δi − δj)2 + (γi − γj)(δjγi − δiγj)

(%i − %j)2
.

Substituting γ and δ from (13),(14) we obtain

βk = b2
1 − c0c1b1 + b0c

2
1 = ±1

and this completes the proof.

Note that making more assumptions on Q(%) one can prove similar results
using the structure of its group of units.

Remark:

It is easy to see that the equation

b2
1 − c0c1b1 + b0c

2
1 = ±1 (15)

has infinitely many solutions in Z. For example let c0 = 2n (n ∈ Z). Then
one can see that b0 ≤ n2+1 is needed, and the solutions of (15) are obtained
in the following way:
if the signs of c1 and b1 are the same, then

(c0, c1) = (2n,±1) , (b0, b1) = (n2 + 1,±n),

(c0, c1) = (2n,±1) , (b0, b1, ) = (n2 − 1,±n);

if c1 ∈ Z arbitrary, then

(c0, c1) = (2n, c1) , (b0, b1, ) = (n2, nc1 ± 1);

and for an arbitrary b0 = n2−k, 1 < k ∈ N one has to consider the infinitely
many solutions of the Pellian equation

(nc1 − b1)2 − kc2
1 = ±1.
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Of course in the construction one has to check whether the relative quadratic
defining polynomial of ϑ is irreducible over Q(%)

Examples:

Example 1: Let x3− (4k2 +4k)x2− (4k2 +4k+1)x− (4k2 +4k) , 1 ≤ k
be the defining polynomial of %. It is irreducible for k ∈ Z , k 6= −1, 0.
Let the coefficients of the quadratic relative defining polynomial of ϑ over
M = Q(%) be ϑ + ϑ = −2n + % , ϑϑ = n2 + 1 − n%. Then one can see
that the quadratic relative defining polynomial of ϑ over M is irreducible
for n ≥ 1 so by the theorem ϑ generates a power integral basis in the order
Z[1, %, %2, ϑ, ϑ%, ϑ%2] of the field K = Q(ϑ).

Example 2: Let x3−nx2− (n+1)x−1 be the defining polynomial of %.
Let the coefficients of the quadratic relative defining polynomial of ϑ over
M = Q(%) be ϑ + ϑ = −2k + % , ϑϑ = k2 + 1− k%. So the quadratic relative
defining polynomial of ϑ over M is irreducible for arbitrary k ∈ Z so by the
theorem ϑ generates a power integral basis in the order Z[1, %, %2, ϑ, ϑ%, ϑ%2]
of the field K = Q(ϑ).

Example 3:

Let x3− (n−1)x2− (n+2)x−1 be the defining polynomial of %. Let the
coefficients of the quadratic relative defining polynomial of ϑ over M = Q(%)
be ϑ + ϑ = −2k + % , ϑϑ = k2 + 1 − k%. So the quadratic relative defining
polynomial of ϑ over M is irreducible for arbitrary k ∈ Z so by the theorem
ϑ generates a power integral basis in the order Z[1, %, %2, ϑ, ϑ%, ϑ%2] of the
field K = Q(ϑ).
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